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a b s t r a c t
For a Hilbert C(X)-module V , where X is a compact metrizable space, we show that the
following conditions are equivalent: (i) V is topologically finitely generated, (ii) there exists
K ∈ N such that every algebraically finitely generated submodule of V can be generated
with k ≤ K generators, (iii) V is canonically isomorphic to the Hilbert C(X)-module Γ (E)
of all continuous sections of an (F) Hilbert bundle E = (p, E, X) over X , whose fibres Ex
have uniformly finite dimensions, and each restriction bundle of E over a set where dim Ex
is constant is of finite type, (iv) there exists N ∈ N such that for every Banach C(X)-module
W , each tensor in the C(X)-projective tensor product V
π⊗C(X)W is of (finite) rank atmost N .
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
It is well known that there exists a categorical equivalence between Hilbert C(X)-modules, where X is a compact
Hausdorff space, and (F) Hilbert bundles over X (see [1,2]). Since algebraically finitely generated Hilbert C(X)-modules
are automatically projective (in a pure algebraic sense, see [3, Corollary 15.4.8]), by the celebrated Serre–Swan theorem
[4, Theorem 1.6] they correspond to the classical locally trivial vector bundles over X . More generally, Goodearl has in [5]
(see also [6]) generalised this result for paracompact spaces; if X is paracompact, then the category of algebraically finitely
generated Hilbert Cb(X)-modules is equivalent to the category of locally trivial vector bundles over X which have the finite
type property.
The purpose of this paper is to obtain a similar characterisation for the larger class of topologically finitely generated
Hilbert C(X)-modules, at least when X is compact and metrizable. The main difference between algebraically and
topologically finitely generated Hilbert C(X)-modules is the fact that the dimensions of fibres of the underlying (F) Hilbert
bundle may vary, even if X is connected. For example, let X be the unit interval [0, 1] and let V := C0((0, 1]) (i.e. the C∗-
algebra of all continuous functions f : [0, 1] → C which vanish at zero). Then V becomes a Hilbert C([0, 1])-module with
respect to the standard action and inner product ⟨f , g⟩ = f ∗g . Note that V is topologically singly generated (for instance, the
identity function f (x) = x is such a generator, by the Weierstrass approximation theorem). On the other hand, each fibre Ex
of the underlying (F) Hilbert bundle E is isomorphic to C, except E0, which is zero. However, this phenomenon is in fact the
only major difference between the classes of algebraically and topologically finitely generated Hilbert C(X)-modules. We
state our first result:
Theorem 1.1. Let X be a compact metrizable space and let V be a Hilbert C(X)-module with the associated canonical (F) Hilbert
bundle EV = (p, E, X) over X. Then the following conditions are equivalent:
(i) V is topologically finitely generated,
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(ii) Each fibre Ex of EV is finite dimensional, with
sup
x∈X
dim Ex <∞,
and every restriction bundle of EV over a set where dim Ex is constant is of finite type.
Using this result, we shall obtain some other characterisations of topologically finitely generated Hilbert C(X)-modules.
More precisely, we shall consider the following conditions on a Hilbert C(X)-module V , where X is compact andmetrizable:
(a) V is weakly algebraically finitely generated, which means that there exists K ∈ N such that every algebraically finitely
generated submodule of V can be generated with k ≤ K generators,
(b) V satisfies the following factorisation property: there exists N ∈ N such that for every column matrix [ai] ∈ M∞,1(V )
with (ai) ∈ ℓ1(V ) there exists n ≤ N , a matrix [ϕi,j] ∈ M∞,n(C(X)) whose columns belong to ℓ1(C(X)), and a column
matrix [vi] ∈ Mn,1(V ) such that
[ai] = [ϕi,j] · [vi].
The latter means that
ai =
n
j=1
ϕi,jvj
for all i ∈ N, as usual.
(c) V satisfies the following absorption property: there existsM ∈ N such that for every Banach C(X)-moduleW and every
tensor t in the projective tensor product V
π⊗ W , its canonical image tX in the C(X)-projective tensor product V
π⊗C(X)W
is a tensor of rank at mostM . The latter means that tX can be written in a form
tX =
m
i=1
vi⊗X wi,
for some vi ∈ V ,wi ∈ W andm ≤ M .
In Theorem 3.6, which is the main result of this paper, we shall prove that all these conditions are equivalent to the fact
that V is topologically finitely generated.
At the end of this introductory section, we would like to mention that it would be interesting to see if some of these
results are still valid for the larger class of C(X)-locally convex modules arising as section modules of (F) Banach bundles
(see [1,7–9] for the definition and properties of such modules).
2. Preliminaries
Let X be a locally compact Hausdorff space. In this paper by a Hilbert C0(X)-module we mean a left C0(X)-module V ,
equipped with a C0(X)-valued inner product ⟨·, ·⟩ which is C0(X)-linear in the first and conjugate linear in the second
variable, such that V is a Banach space with the norm ∥v∥ := ∥⟨v, v⟩∥ 12 .
We say that V is:
(i) Algebraically finitely generated if there exists a finite number of elements in V whose C0(X)-linear span equals V ,
(ii) Topologically finitely generated if there exists a finite number of elements in V whose C0(X)-linear span is dense in V .
The basic theory of Hilbert C∗-modules (over the general C∗-algebras) can be found in [10–12,3].
Following [1], by an (F) Hilbert bundle ((F) stands for Fell) we mean a triple E := (p, E, X)where E and X are topological
spaces with a continuous open surjection p : E → X , together with operations and norms making each fibre Ex := p−1(x)
(x ∈ X) into a complex Hilbert space, such that the following conditions are satisfied:
(H1) The maps C × E → E, E×X E → E and E → R, given in each fibre by scalar multiplication, addition, and the norm,
respectively, are continuous (where E×X E denotes the Whitney sum),
(H2) The collection of all subsets of E of the form
{e ∈ E : p(e) ∈ U, ∥e∥ < ε},
where U is a neighbourhood of x in X and ε > 0, form a basis of neighbourhoods of the zero element 0x of Ex in E.
As usual, we say that p is the projection, E is the bundle space and X is the base space of E . Using a polarisation identity
together with the continuity of the norm and operations, it is an immediate consequence that the map E×X E → C given
by the inner product in each fibre is continuous.
If E = (p, E, X) is an (F) Hilbert bundle and Y ⊆ X then we denote by
E |Y := (p|p−1(Y ), p−1(Y ), Y )
the restriction of E to Y .
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For the (F) Hilbert bundles E = (p, E, X) and E ′ = (p′, E ′, X ′) we say that Φ : E → E ′ is a Hilbert bundle map if Φ is a
pairΦ = (φ, f ) of maps, where φ : E → E ′ and f : X → X ′ are continuous maps such that
(i) the following diagram
E
φ−−−−→ E ′
p
 p′
X
f−−−−→ X ′
is commutative,
(ii) for each x ∈ X , φ defines a linear map from Ex into E ′f (x).
It is usually said thatΦ covers f . If in addition φ defines an isometric isomorphism of each fibre Ex onto E ′f (x), then we say
thatΦ is a strong Hilbert bundle map. If X ′ = X , we writeΦ : E ∼= E ′ to say thatΦ is an isomorphism of Hilbert bundles, that
is,Φ is a strong Hilbert bundle map covering the identity map idX : X → X .
If H is a Hilbert space then by the product bundle over X with fibre H we mean
ϵ(X,H) := (p1, X × H, X),
where p1 is a projection on the first coordinate. An (F) Hilbert bundle E = (p, E, X) is said to be trivial if there exists a Hilbert
space H such that E ∼= ϵ(X,H). We say that E is locally trivial if there exists a Hilbert space H and an open coverU of X such
that for each U ∈ U we have E |U ∼= ϵ(U,H). If in addition X admits a finite open cover over which E is locally trivial, we
say that E is of finite type.
If all fibres of an (F) Hilbert bundle E have the same finite dimension n, then we say that E is n-homogeneous. We shall
frequently use the following fact:
Proposition 2.1. If E is an n-homogeneous (F) Hilbert bundle, then E is locally trivial. In particular, if the base space X of E is
compact, then E is of finite type.
For the proof, see [13, Proposition 2.3]. If all fibres of E are finite dimensional with
n := sup
x∈X
dim Ex <∞,
thenwe say thatE is n-subhomogeneous. In this case every restriction bundle ofE over a setwhere dim Ex is constant is locally
trivial, by Proposition 2.1. If in addition every such restriction bundle is of finite type, thenwe say that E is n-subhomogeneous
of finite type.
By a section of an (F) Hilbert bundle E = (p, E, X) we mean a map s : X → E such that p(s(x)) = x for all x ∈ X . By
Γ (E), Γb(E) and Γ0(E) we respectively denote the set of all continuous sections, all bounded continuous sections, and all
continuous sections of E which vanish at infinity. If X is compact, then obviously Γ (E) = Γb(E) = Γ0(E). Note that Γb(E)
(resp. Γ0(E)) becomes a Hilbert Cb(X)-module (resp. Hilbert C0(X)-module) with respect to the action
(ϕs)(x) := ϕ(x)s(x)
and inner product
⟨s, u⟩(x) := ⟨s(x), u(x)⟩x,
where ⟨·, ·⟩x denotes the inner product on fibre Ex.
We summarise the following important facts regarding continuous sections of (F) Hilbert bundles (see [14, Theorem
C17], [14, Theorem II.14.8], [7, Theorem 4.2] and [13, Proposition 1.6]):
Theorem 2.2. Let E = (p, E, X) be an (F) Hilbert bundle over a locally compact paracompact Hausdorff space X.
(i) For each x ∈ X and ex ∈ Ex there exists s ∈ Γ0(E) such that s(x) = ex.
(ii) If Y is a closed subset of X, then every section in Γ (E |Y ) extends to a section in Γ (E). Moreover, the restriction map
Γ (E)→ Γ (E |Y ), s → s|Y is a quotient map.
(iii) If X is compact then a C(X)-submodule W ⊆ Γ (E) is dense in Γ (E) if and only if for each x ∈ X,
{s(x) : s ∈ W }
is dense in Ex.
(iv) If s1, . . . , sm ∈ Γ (E), then the set of points x ∈ X for which the set
{s1(x), . . . , sm(x)}
is linearly independent form an open subset of X.
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Parts (ii) and (iii) of Theorem 2.2 are respectively known as the Tietze extension theorem and the Stone–Weierstrass
theorem for (F) Hilbert bundles.
At the and of this section, let us briefly describe how for a given Hilbert C(X)-module V , where X is a compact Hausdorff
space, one constructs a canonical Hilbert bundle EV . For x ∈ X let Ix be the maximal ideal of C(X) consisting of all functions
which vanish at x, and put
Jx := IxV = {ϕv : ϕ ∈ Ix, v ∈ V }.
Then Jx is a closed submodule of V , by the Hewitt–Cohen factorisation theorem [15, Theorem A.6.2]. Set Ex := V/Jx, let
πx : V → Ex be the quotient map, let
E :=

x∈X
Ex
and let p : E → X be the canonical projection. Since for each v ∈ V and x ∈ X we have ∥πx(v)∥ = √⟨v, v⟩(x) (by
[12, Proposition 3.25]), the function X → R, x → ∥πx(v)∥ is continuous. Hence, by [14, Theorem II.13.18] there exists
a unique topology on E (which is called Fell’s topology) for which EV := (p, E, X) becomes an (F) Hilbert bundle. We say
that EV is the canonical (F) Hilbert bundle associated to V . Moreover, by [1, Theorem 2.5] the generalised Gelfand transform
ΓV : V → Γ (EV ) which sends v ∈ V to vˆ ∈ Γ (EV ), where vˆ(x) := v(x) := πx(v), becomes an isometric C(X)-linear
isomorphism between Hilbert C(X)-modules V and Γ (EV ).
3. Results
We shall first prove Theorem 1.1. To do this, we shall need the following two auxiliary results:
Lemma 3.1. Let E be an n-homogeneous (F) Hilbert bundle over a locally compact paracompact Hausdorff space X. Then the
following conditions are equivalent:
(i) E is of finite type,
(ii) There exists a finite number of sections s1, . . . , sm ∈ Γb(E) such that
spanC{s1(x), . . . , sm(x)} = Ex (3.1)
for each x ∈ X.
If in addition X is σ -compact, then s1, . . . , sm can be chosen to lie in Γ0(E).
Proof. The equivalence (i)⇔ (ii) is known for vector bundles (for example, see [16, Remark 8.3.12] and [17, pp. 733–734]).
Since n-homogeneous (F) Hilbert bundles are precisely the classical n-dimensional complex vector bundleswith Riemannian
metric, the same arguments can be applied in this situation. Now suppose that X is σ -compact and that s1, . . . , sm ∈ Γb(E)
are sections which satisfy (3.1) for all x ∈ X . Choose a strictly positive function ϕ ∈ C0(X) (such a ϕ clearly exists, since X is
σ -compact). Then obviously s′i := ϕsi (1 ≤ i ≤ m) lie in Γ0(E) and satisfy (3.1) for all x ∈ X . 
Proposition 3.2. Let E be an (F) Hilbert bundle over a compact metrizable space X. Then the following conditions are equivalent:
(i) E is subhomogeneous of finite type,
(ii) There exists a finite number of sections s1, . . . , sm ∈ Γ (E) which satisfy (3.1) for all x ∈ X.
Proof. (i) ⇒ (ii). Suppose that the degree of subhomogenity of E is n. Let X0, X1, . . . , Xk be pairwise disjoint non-empty
subsets of X covering X and let 0 ≤ n0 < n1 < · · · < nk = n be integers such that for each i, E |Xi is ni-homogeneous. We
shall prove the claim by (finite) induction on k = k(E). Suppose that k = 0. Then E is n-homogeneous and the claim follows
directly from Lemma 3.1. Let k > 0 and suppose that the assertion is true for all n-subhomogeneous (F) Hilbert bundles E ′ of
finite type for which k(E ′) = k− 1. By Theorem 2.2 (iv), U := Xk is open in X , so by Lemma 3.1 there exists a finite number
of sections u˙1, . . . , u˙d ∈ Γ0(E |U) such that
spanC{u˙1(x), . . . , u˙d(x)} = Ex (3.2)
for all x ∈ U . Let ui (1 ≤ i ≤ d) be sections of E defined by
ui(x) :=

u˙i(x) : x ∈ U
0x : x ∈ X \ U .
Since u˙i ∈ Γ0(E |U), note that Axiom (H2) in the definition of an (F) Hilbert bundle guarantees that ui are continuous, so that
ui ∈ Γ (E) for all 1 ≤ i ≤ d. On the other hand, for Y := X \ U we have k(E |Y ) = k − 1. Hence, our induction hypothesis
implies that there exists a finite number of sections v˙1, . . . , v˙l ∈ Γ (E |Y ) such that
spanC{v˙1(x), . . . , v˙l(x)} = Ex (3.3)
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for all x ∈ Y . Since Y is closed, by Theorem 2.2 (ii) there exist sections v1, . . . , vl ∈ Γ (E) such that vi|Y = v˙i. Using (3.2) and
(3.3) we see that
spanC{u1(x), . . . , ud(x), v1(x), . . . , vl(x)} = Ex
for all x ∈ X , so lettingm := d+ l and
si :=

ui : 1 ≤ i ≤ d
vi−d : d+ 1 ≤ i ≤ m,
we obtain the desired sections.
(ii)⇒ (i). It is immediate that E is (say n-)subhomogeneous. Using the same notation from the first part of the proof, we
need to prove that each E |Xi (1 ≤ i ≤ k) is of finite type. But this follows directly from Lemma 3.1, since sj|Xi ∈ Γb(E |Xi) for
all 1 ≤ j ≤ m. 
Proof of Theorem 1.1. Let E := EV be the canonical (F) Hilbert bundle associated to V . Using the generalised Gelfand
transform ΓV : V → Γ (E), we shall identify V with Γ (E).
(i)⇒ (ii). By assumption, there exists a finite number of sections s1, . . . , sm ∈ Γ (E)whose C(X)-linear span is dense in
Γ (E). Obviously
Wx := spanC{s1(x), . . . , sm(x)}
is dense in Ex for each x ∈ X . Since every finite dimensional subspace of a Hilbert space is closed, we conclude thatWx = Ex
for each x ∈ X . The assertion now follows directly from Proposition 3.2.
(ii) ⇒ (i). By Proposition 3.2, there exist s1, . . . , sm ∈ Γ (E) which satisfy (3.1) for all x ∈ X . It is an immediate
consequence of Theorem 2.2 (iii) that a C(X)-module generated by these sections is dense in Γ (E). 
Nowwe shall obtain another characterisations of topologically finitely generated Hilbert C(X)-modules. First recall that
if X is a locally compact Hausdroff space and if V and W are (left) Banach C0(X)-modules, then the C0(X)-projective tensor
product V
π⊗C0(X)W of V and W is by definition the quotient of the (completed) projective tensor product V
π⊗ W by the
closure of the linear span of tensors of the form
ϕv ⊗ w − v ⊗ ϕw,
where v ∈ V ,w ∈ W and ϕ ∈ C0(X). For t ∈ V
π⊗ W , by tX we denote the canonical image of t in V
π⊗C0(X)W .
Also recall that a Banach C0(X)-module V is said to be non-degenerate if the C0(X)-linear span of V is dense in V . This
is equivalent to saying that if (ϕα) is an approximate unit for C0(X), then limα ϕαv = v for all v ∈ V . In fact, by the
Hewitt–Cohen factorization theorem [15, Theorem A.6.2], V is non-degenerate if and only if each v ∈ V can be factorised in
a form v = ϕw, for some ϕ ∈ C0(X) andw ∈ V .
Following [18, Definition 1.2], we introduce a notion of a C0(X)-projective rank:
Definition 3.3. Let V be a non-degenerate Banach C0(X)-module, where X is a locally compact Hausdorff space.
(i) IfW is another Banach C0(X)-module, then for t ∈ V
π⊗ W we define a C0(X)-projective rank of t , denoted by rankπX (t),
as the smallest nonnegative integer k for which there exists a rank k tensor u ∈ V ⊗W such that tX = uX in V
π⊗C0(X)W .
If such a k does not exist, we define rankπX (t) := ∞.
(ii) If there exists K ∈ N such that for every Banach C0(X)-moduleW , and every tensor t ∈ V
π⊗ W we have rankπX (t) ≤ K ,
then we say that V is of finite C0(X)-projective rank. The smallest number K with this property is denoted by rankπX (V ).
If such a K does not exist, we define rankπX (V ) := ∞.
Wegive a sufficient condition for V to be of finite C0(X)-projective rank (note that this is just an equivalent form of condition
(b) from the introduction).
Proposition 3.4. Let V be a non-degenerate Banach C0(X)-module, where X is a locally compact Hausdorff space. Suppose that
there exists K ∈ N such that for every sequence (ai) ∈ ℓ1(V ) there exist k ≤ K, elements v1, . . . , vk ∈ V and sequences
(ϕi,1)i, . . . , (ϕi,k)i ∈ ℓ1(C0(X)) such that
ai =
k
j=1
ϕi,jvj (3.4)
for all i ∈ N. Then rankπX (V ) ≤ K .
564 I. Gogić / J. Math. Anal. Appl. 395 (2012) 559–568
Proof. Let W be another Banach C0(X)-module and let t ∈ V
π⊗ W . By [19, Proposition 2.8] there exists a sequence
(ai) ∈ ℓ1(V ) and a sequence (bi) of norm one elements in W such that t = ∞i=1 ai ⊗ bi. By assumption, there exist
k ≤ K , elements v1, . . . , vk ∈ V and sequences (ϕi,1)i, . . . , (ϕi,k)i ∈ ℓ1(C0(X)) such that (3.4) holds. Note that for each
1 ≤ j ≤ k the series∞i=1 ϕi,jbi is norm convergent inW , and denote its sum bywj. Then in V π⊗C0(X)W we have
tX = lim
n→∞

n
i=1
ai⊗X bi

= lim
n→∞

n
i=1

k
j=1
ϕi,jvj

⊗X bi

= lim
n→∞

k
j=1
vj⊗X

n
i=1
ϕi,jbi

=
k
j=1
vj⊗X

lim
n→∞
n
i=1
ϕi,jbi

=
k
j=1
vj⊗X wj.
Thus, rankπX (V ) ≤ K . 
Remark 3.5. Recall from the introduction that we say that a Banach C0(X)-module V is weakly algebraically finitely
generated if there exists K ∈ N such that every algebraically finitely generated submodule of V can be generated with
k ≤ K generators. Note that the condition of Proposition 3.4 in particular implies that V is weakly algebraically finitely
generated.
We are now ready to state our main result:
Theorem 3.6. Let V be a Hilbert C(X)-module, where X is a compact metrizable space. The following conditions are equivalent:
(i) V is topologically finitely generated,
(ii) V satisfies the condition of Proposition 3.4,
(iii) V is of finite C(X)-projective rank,
(iv) V is weakly algebraically finitely generated.
Before proving this theorem we shall first need some facts.
Remark 3.7. Let X be a locally compact Hausdorff space and let V be a Banach C0(X)-module. Note that ℓ1(V ) becomes a
Banach C0(X)-module with respect to the action
ϕ(vi) := (ϕvi),
where ϕ ∈ C0(X) and (vi) ∈ ℓ1(V ). If V is non-degenerate, note that ℓ1(V ) is non-degenerate as well. Indeed, let (ϕα)α∈I be
the approximate unit for C0(X). If (vi) ∈ ℓ1(V ) and ε > 0, choose k0 ∈ N and α0 ∈ I such that
∞
i=k0+1
∥vi∥ < ε4 and ∥ϕαvk − vk∥ <
ε
2k+1
for all 1 ≤ k ≤ k0 and α ≥ α0. Then for α ≥ α0 we have
∥ϕα(vi)− (vi)∥ℓ1(V ) =
∞
i=1
∥ϕαvi − vi∥ ≤
k0
i=1
∥ϕαvi − vi∥ + 2
∞
i=k0+1
∥vi∥
<
ε
2
+ ε
2
= ε.
Hence, limα∈I ϕα(vi) = (vi). In particular, by the Hewitt–Cohen factorisation theorem [15, TheoremA.6.2], each (vi) ∈ ℓ1(V )
can be factorised in a form (vi) = ϕ(v′i) for some ϕ ∈ C0(X) and (v′i) ∈ ℓ1(V ).
Proposition 3.8. Let E be an n-homogeneous (F) Hilbert bundle of finite type over a locally compact paracompact Hausdorff
space X. Then V := Γ0(E) satisfies the condition of Proposition 3.4.
Proof. Choose a finite open cover {Uj}1≤j≤m of X such that each restriction bundle E |Uj is trivial. Using a finite partition
of unity argument, it is sufficient to prove the claim when E is already trivial. In this case, we shall identify E with the
product bundle ϵ(X, ℓ2n) (using a fixed isomorphism Φ : E ∼= ϵ(X, ℓ2n)), so that V = Γ0(E) = C0(X, ℓ2n) = ℓ2n(C0(X)). Let
(ai) ∈ ℓ1(V ). Since V , as a Banach C0(X)-module, is non-degenerate, by Remark 3.7 there exist ϕ ∈ C0(X) and (a′i) ∈ ℓ1(V )
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such that (ai) = ϕ(a′i). Let (e⃗k)1≤k≤n be the canonical basis for ℓn2 and let (ek)1≤k≤n be the constant functions in Cb(X, ℓ2n)
defined by ek(x) := e⃗k (x ∈ X). Then
a′i =
n
k=1
ϕi,kek,
for some functions ϕi,k ∈ C0(X) (i ∈ N, 1 ≤ k ≤ n). Obviously, (ϕi,1)i, . . . , (ϕi,n)i ∈ ℓ1(C0(X)). Hence,
ai = ϕa′i =
n
k=1
ϕi,k(ϕek)
for all i ∈ N. Since vk := ϕek lie in C0(X, ℓ2n) = V , the proof is finished. 
Lemma 3.9. Let H be a Hilbert space with the dual space H∗. For ξ ∈ H let ξ ∗ ∈ H∗ be defined by ξ ∗(h) := ⟨h, ξ⟩. If (ξi), (ηi)
and (ζi) are sequences in ℓ1(H) such that
∞
i=1
ξi ⊗ ξ ∗i =
∞
i=1
ηi ⊗ ζ ∗i (3.5)
(the equality of tensors in H
π⊗ H∗), then
spanC{ξi : i ∈ N} ⊆ spanC{ηi : i ∈ N},
where spanC denotes the closed C-linear span.
Proof. Note that the equality (3.5) is equivalent to the equality
∞
i=1
⟨ξi, h⟩⟨k, ξi⟩ =
∞
i=1
h∗(ξi)k∗∗(ξ ∗i ) =
∞
i=1
h∗(ηi)k∗∗(ζ ∗i )
=
∞
i=1
⟨ηi, h⟩⟨k, ζi⟩
for all h, k ∈ H (see [19]). In particular, for h = kwe obtain
∞
i=1
|⟨h, ξi⟩|2 =
∞
i=1
⟨ηi, h⟩⟨h, ζi⟩. (3.6)
Let h ∈ H be a vector which is orthogonal to the sequence (ηi). Then (3.6) implies that h is also orthogonal to the sequence
(ξi). Since h ∈ H was arbitrary, the claim follows. 
Remark 3.10. If V andW are Banach spaces and if q : V → W is a quotient linear map, note that the induced map
q˜ : ℓ1(V )→ ℓ1(W ), q˜((vi)) := (q(vi))
is also quotient. Indeed, this follows from the fact that ℓ1(V ) and ℓ1(W ) can be identified with ℓ1
π⊗ V and ℓ1 π⊗ W ,
respectively (see [19, Example 2.6]), so that q˜ = idℓ1 ⊗ q. The claim now follows from [19, Proposition 2.5].
Proof of Theorem 3.6. Let E := EV be the canonical (F) Hilbert bundle associated to V . Like in the proof of Theorem 1.1, we
shall identify V with Γ (E), using the generalised Gelfand transform ΓV : V → Γ (E).
(i)⇒ (ii). By Theorem 1.1, E is (say n-)subhomogeneous of finite type. Let X0, X1, . . . , Xk be pairwise disjoint non-empty
subsets of X covering X and let 0 ≤ n0 < n1 < · · · < nk = n be integers such that for each i, E |Xi is ni-homogeneous. Let
U := Xk and Y := X \ U . By Theorem 2.2 (iv) U is open (so that Y is closed, hence compact). We shall prove the claim by
(finite) induction on k = k(E). If k = 0, then the claim follows from Proposition 3.8. Let k > 0 and suppose that the assertion
is true for all n-subhomogeneous (F) Hilbert bundles E ′ of finite type for which k(E ′) = k− 1. Let (ai) ∈ ℓ1(Γ (E)) be given,
and put a˙i := ai|Y . By induction hypothesis (applied to E |Y ), there exist M1 ∈ N (which depends only on E |Y ), m1 ≤ M1,
sections v˙1, . . . , v˙m1 ∈ Γ (E |Y ) and sequences (ϕ˙i,1)i, . . . , (ϕ˙i,m1)i ∈ ℓ1(C(Y )) such that
a˙i =
m1
j=1
ϕ˙i,jv˙j. (3.7)
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Since the restriction map C(X) → C(Y ), ϕ → ϕ|Y is quotient, by Remark 3.10 and Theorem 2.2 (ii), there exist elements
v1, . . . , vm1 ∈ Γ (E) and sequences (ϕi,1)i, . . . , (ϕi,m1)i ∈ ℓ1(C(X)) such that vj|Y = v˙j and ϕi,j|Y = ϕi,j (i ∈ N, 1 ≤ j ≤ m1).
Define
bi := ai −
m1
j=1
ϕi,jvj. (3.8)
Note that by (3.7), bi ∈ Γ0(E |U), so that (bi) ∈ ℓ1(Γ0(E |U)). Since E |U is n-homogeneous of finite type, by Proposition 3.8,
there exist M2 ∈ N (which depends only on E |U ), m2 ≤ M2, elements v′1, . . . , v′m2 ∈ Γ0(E |U) and sequences
(ψi,1)i, . . . , (ψi,m2)i ∈ ℓ1(C0(U)) such that
bi =
m2
j=1
ψi,jv
′
j . (3.9)
As in the proof of Proposition 3.2 we may suppose (by extending with zeros) that ψi,j and v′j are globally defined, so that
(ψi,j)i ∈ ℓ1(C(X)) and v′j ∈ Γ (E), with ψi,j|Y = 0 and v′j |Y = 0. Finally, (3.8) and (3.9) imply that
ai =
m1
j=1
ϕi,jvj +
m2
j=1
ψi,jv
′
j ,
which completes the proof.
(ii)⇒ (iii). This follows from Proposition 3.4.
(iii)⇒ (i). We first prove that E is necessarily subhomogeneous. Indeed, let H be an infinite dimensional Hilbert space
and letW := C(X,H) (of course, we considerW as a Hilbert C(X)-module Γ (ϵ(X,H))). By assumption, there exists N ∈ N
such that rankπX (t) ≤ N for every t ∈ V
π⊗C(X)W . Using [20, Proposition 1.5], we conclude that for each x ∈ X , every tensor
in Ex
π⊗ H is of (finite) rank at most N . But it is well known that this implies dim Ex ≤ N for all x ∈ X .
Suppose that E is not of finite type and choose a sequence (ai) ∈ ℓ1(V ) such that
spanC{ai(x) : i ∈ N} = Ex (3.10)
for all x ∈ X (such a sequence clearly exists, since X is second-countable, and since each fibre Ex is finite dimensional, so that
V is separable). LetV ∗ = HomC(X)(V , C(X)) be a dual ofV which consists of all bounded C(X)-linearmaps θ : V → C(X).We
considerW as a Banach C(X)-module under the natural normand action. For a ∈ V , let a∗ ∈ V ∗ be defined by a∗(v) := ⟨v, a⟩,
and let V ′ be the image of V under the (anti C(X)-linear isometric) inclusion V ↩→ V ∗, a → a∗ (note that V ′ ≠ V ∗ in general,
see [21, p. 88–89] and [11, Section 2.5]). By assumption, there exists N ∈ N such that rankπX (t) ≤ N for every t ∈ V
π⊗C(X)V ′.
In particular, there are n ≤ N , s1, . . . , sn ∈ V and v1, . . . , vn ∈ V such that
∞
i=1
ai⊗X a∗i =
n
i=1
si⊗X v∗i (3.11)
(the equality of tensors in V
π⊗C(X)V ′). By Proposition 3.2, there exists a point x0 ∈ X such that
spanC{s1(x0), . . . , sn(x0)} $ Ex0 . (3.12)
Note that the equality (3.11) implies the equality of tensors
∞
i=1
ai(x0)⊗ ai(x0)∗ =
n
i=1
si(x0)⊗ vi(x0)∗
in Ex0
π⊗ (Ex0)∗, where for a ∈ V and ex0 ∈ Ex0 ,
a(x0)∗(ex0) := ⟨ex0 , a(x0)⟩x0 .
Using (3.10) and Lemma 3.9, we conclude that
Ex0 = spanC{ai(x0) : i ∈ N} ⊆ spanC{s1(x0), . . . , sn(x0)},
a contradictionwith (3.12). It follows that E is of finite type, so by Theorem 1.1, V = Γ (E) is topologically finitely generated.
(ii)⇒ (iv). This follows from Remark 3.5.
(iv)⇒ (i). LetN be a natural number such that every algebraically finitely generated submodule ofΓ (E) can be generated
with n ≤ N elements.We first prove that E must bem-subhomogeneous, wherem ≤ N . Suppose, to the contrary, that there
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exists x0 ∈ X such that dim Ex0 > N . By Theorem2.2 (i),we can find sections s1, . . . , sN+1 ∈ Γ (E) such that dimWx0 = N+1,
where
Wx0 := spanC{s1(x0), . . . , sN+1(x0)} ⊆ Ex0 .
By assumption, there exist n ≤ N and sections v1, . . . , vn ∈ Γ (E) such that
spanC(X){s1, . . . , sN+1} = spanC(X){v1, . . . , vn}.
In particular, this implies
Wx0 = spanC{v1(x0), . . . , vn(x0)},
so that dimWx0 ≤ n, a contradiction. It follows that E is subhomogeneous.
Now suppose that E is not of finite type. LetU and Xj be as in the proof (i)⇒ (ii). It follows that some of the homogeneous
restriction bundles E |Xj are not of finite type. Without loss of generality, we may assume that E |U is not of finite type.
Using [22, Lemma2.10] and [22, Lemma2.11], one can find a compact subsetK ⊆ U with the following property: if s1, . . . , sk
are continuous sections of E |K such that
spanC{s1(x), . . . , sk(x)} = Ex for all x ∈ K , then k > N. (3.13)
Since K is compact, Γ (E |K ) is an algebraically finitely generated (projective) C(K)-module (by the Serre–Swan theorem [4,
Theorem 1.6]), and let v1, . . . , vd be its generators. On the other hand, by our assumption (together with Theorem 2.2 (ii))
there exist n ≤ N and sections s1, . . . , sn ∈ Γ (E |K ) such that
Γ (E |K ) = spanC(K){v1, . . . , vd} = spanC(K){s1, . . . , sn}.
In particular,
spanC{s1(x), . . . , sn(x)} = Ex
for all x ∈ K . But (3.13) implies n > N , a contradiction. It follows that E is of finite type, so by Theorem 1.1, V = Γ (E) is
topologically finitely generated. 
Problem 3.11. Generalise the results of Theorem 3.6 (if possible) for (unital) Banach C(X)-modules, in particular for (unital)
C(X)-locally convex modules.
Problem 3.12. Suppose that E is an (F) Banach bundle over a compact Hausdorff space X . If V := Γ (E) is an algebraically
finitely generated C(X)-module, does it necessarily follow that V is projective? In particular, if X is connected, does it
necessarily follow that all fibres of E have the same finite dimension n?
Remark 3.13. Using [22, Theorem2.4] togetherwith results of [23], one can show that the answer to Problem3.12 is positive
for (continuous) C∗-bundles. Moreover, if the base space X is connected, then all fibres of this C∗-bundle must be pairwise
∗-isomorphic, in particular isometrically isomorphic. On the other hand, the next example shows that Problem 3.12 has a
negative solution if one also considers (H) Banach bundles (see [1] for the definition and properties of (H) Banach bundles).
Example 3.14. Let V := C([0, 1]). We consider V as a Banach module over C(S1) (where S1 is the unit circle), with respect
to the action
(ϕf )(x) := ϕ(e2π ix)f (x),
where ϕ ∈ C(S1), f ∈ C([0, 1]) and x ∈ [0, 1]. Let E be the canonical (H) Banach bundle of V over S1. Then the fibre of E at
1 is of dimension 2, rather than 1 as at other points in the unit circle S1. On the other hand, [23, Example 3.7] shows that V
is algebraically finitely generated.
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